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We consider extension of some established techniques of study of tensor fields on Lorentzian
manifolds of arbitrary dimension to non-Abelian gauge covariant fields. These are then applied to
study of gauge fields with vanishing scalar curvature invariants and universal Yang-Mills fields, for
which all possible higher-order corrections to the Yang-Mills equation identically vanish.
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I. INTRODUCTION
During the 20th century, many sophisticated methods,
techniques and formalisms were developed for study of
tensor fields on four-dimensional Lorentzian manifolds.
Some of them were later successfully extended to higher
dimensions, amongst which being also algebraic classifi-
cation of tensors based on null alignment [1, 2] and the-
ory of balanced tensors [3–6]. Although very useful in
countless applications (see e.g. the review [2] and refer-
ences therein), both mentioned techniques were thus far
applied only to purely tensorial fields. Here, we consider
their extension to more general non-Abelian gauge co-
variant fields. Their possible application in non-Abelian
gauge theories is then demonstrated on two problems.
The first one is a characterization of gauge fields Aµ
with V SI (vanishing scalar invariant) curvature (or field
strength) Fµν , i.e. such that any scalar polynomial gauge
invariant constructed from Fµν and its gauge covariant
derivatives of arbitrary order vanishes (cf. definition
II.8). For brevity, we will sometimes refer to such Aµ as
a V SI gauge field throughout the paper. V SI and more
general CSI1 tensor fields (mainly the Riemann curva-
ture tensor and very recently also p-form fields) have al-
ready been extensively studied in the literature [3, 4, 7–
10]. Both V SI and CSI fields proved to be useful in
numerous applications to theories of gravity [5, 11–15]
and electrodynamics [6, 16, 17] with perhaps the most
prominent role playing in the context of universal solu-
tions to higher-order theories. It is thus natural to expect
V SI gauge fields to play a similar role in the context of
higher-order non-Abelian gauge theories - in fact, some
aspects of this role of V SI gauge fields are addressed in
the second problem studied in the paper.
Concerning the characterization of V SI gauge fields,
we first obtain sufficient conditions for a V SI gauge
field corresponding to a general finite-dimensional gauge
group (theorem III.1). Then, restricting ourselves to the
case of a compact and semi-simple gauge group, we prove
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1 The corresponding scalar invariants do not necessarily vanish,
but are constant.
that these conditions are also necessary, arriving at the
main result of section III (theorem III.3):
(Characterization of V SI gauge fields). Let the
gauge group G be compact and semi-simple. Then, a
non-vanishing field strength Fµν is V SI if and only if
Fµν is null and aligned in a degenerate Kundt spacetime.
This result is very reminiscent of characterization of V SI
spacetimes obtained in [4] and fully analogous to charac-
terization of V SI p-forms in [10]. A more detailed discus-
sion can be found in section III. Explicit form of gauge
fields with aligned null curvature in degenerate Kundt
spacetimes (defined e.g. in [10]) is then discussed in sec-
tion III A.
The rest of the paper is then devoted to the second
problem, which is a study of universal Yang-Mills (YM)
fields in arbitrary dimension. By a universal YM field,
we understand a field strength Fµν of a gauge field Aµ
such that all Lie algebra-valued 1-form polynomials at
least quadratic in Fµν or containing its gauge covariant
derivatives vanish identically, cf. definition IV.1.
Such fields are thus exact solutions not only to the field
equation of the Yang-Mills theory, but also of any the-
ory (described by Lagrangian (23) at the beginning of
section IV) consisting of the Yang-Mills Lagrangian and
appropriately defined gauge invariant higher-order cor-
rections. Such corrections appear, most notably, in low-
energy effective actions of string theories [18–22], where
their explicit form may not be even known2, but also
in the context of various generalizations of YM theories
(such as Lovelock-type extension of the YM theory, [25]
and references therein). It is thus appealing to have a
2 In certain cases, the structure of α′ corrections is known at least
to some extent. In the case of heterotic superstring theory, the
structure of all these corrections is well understood (see e.g. [23],
where this knowledge was successfully employed to prove α′-
exactness of supersymmetric string waves). On the other hand,
in the case of an open string, it is only known that the part of the
tree-level effective non-Abelian gauge field Lagrangian depending
only on Fµν and not on its gauge covariant derivatives is given
by a symmetrized trace of the Born-Infeld Lagrangian [24], while
full form of the other parts of the effective Lagrangian contain-
ing also derivatives of Fµν or going beyond tree level, remains
unknown.
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method that will, within solutions of given low-energy
effective field equations, identify the ones solving all such
higher-order theories automatically irrespective of their
particular form.
In the case of Abelian gauge fields, perhaps one of the
first results on universality was the observation made al-
ready in 30’s and 40’s [26, 27] that any null 2-form Fµν in
a flat spacetime solving source-free Maxwell equations in
four dimensions is automatically a solution to any source-
free non-linear electrodynamics with Lagrangian
L(FµνF
µν , Fµν ⋆ F
µν).
Further significant progress in studying universality of
Maxwell fields and their p-form generalizations has been
made rather recently [6, 16], incorporating the methods
of null alignment and balanced tensors. Employing an
appropriate extension of these methods for gauge covari-
ant fields, we succeed in obtaining sufficient (along with
some necessary) conditions on universality for null YM
fields (defined e.g. in [28, 29] and corresponding to type
N fields in classification provided in section II) analogous
to those of [6]. The main result of section IV can be then
stated as (theoremIV.5)
(Sufficient conditions for universality). An aligned
null Yang-Mills field in a degenerate Kundt spacetime of
Weyl and traceless Ricci type III is universal and hence
solves any theory (23).
The theorem thus extends Gven’s earlier observation3
that YM plane waves in certain type N pp-wave back-
grounds are immune to any polynomial higher-order cor-
rections to YM equations, which was made already in [31]
as a part of proving string α′-exactness of plane wave so-
lutions to the ten-dimensional N = 1 supergravity. Since
we do not deal with corrections other than the ones to the
YM equations here, it enables us to extend the univer-
sality result to a general null YM field in a much broader
class of background spacetimes including all V SI space-
times, all Weyl and traceless Ricci type III pp-waves, all
Weyl and traceless Ricci type III CSI Kundt spaces and
even some non-CSI spacetimes. Explicit form of all these
solutions in adapted coordinates is given in subsection
IVD.
The paper is organized as follows. In section II, we
first briefly review some tensorial notions such as boost
weight, algebraic types or balanced tensors and related
results. Then, gauge theoretical setting and notation is
established. Lastly, extension of the corresponding ten-
sorial notions and results to non-Abelian gauge covariant
fields takes place. In section III, V SI property of gauge
fields is studied and compared with already known char-
acterization of V SI metrics [4] and V SI p-forms [10].
Section IV is devoted to universal YM fields. Firstly,
3 Some early comments on universality of YM plane waves in flat
space were given by Deser already in [30].
higher-order corrections to Yang-Mill Lagrangian under
consideration are appropriately defined and reduction of
the resulting field equations for CSI gauge fields is dis-
cussed. The rest of the section then consists of study
of null YM fields for which all previously defined higher-
order corrections identically vanish. Explicit examples of
universal solutions in adapted coordinates are also pro-
vided and followed by discussion of special cases already
known in the literature. Although many of the results
obtained in this section are a mere extension of some of
the results already known for Maxwell fields to their non-
Abelian counterparts, we believe their proofs provide a
nice demonstration of the techniques presented in section
II. In the appendix, further results on k-balanced gauge
covariant fields can be found as well as GHP form of the
YM equation and the Bianchi identity for Fµν together
with some of their consequences.
II. PRELIMINARIES
For the purposes of the rest of the paper, we will first
recall some basics of algebraic classification of tensors
based on null alignment developed in [1] and reviewed
in [2]. Subsequently, theoretical setting and notation for
gauge and gauge covariant fields will be established. The
rest of the chapter is then devoted to extension of some
crucial tensorial notions and related results to gauge co-
variant fields.
On a domain of a d-dimensional spacetime, d ≥ 4, with
Lorentzian metric g of signature (−,+, . . . ,+), we shall
consider a null frame {e(0) = ℓ, e(1) = n, e(i) = m(i)}
consisting of a pair of null vector fields ℓ, n and d − 2
spacelike vector fields {m(i)} with i = 2, . . . , d−1. These
are then subject to the Lorentz invariant orthogonality
relations
ℓµn
µ = 1, m(i)µ m
µ
(j) = δ
i
j , (1)
with the rest of the contractions vanishing. Directional
derivatives with respect to the individual null frame
vectors are then denoted as D ≡ ℓµ∇µ, ∆ ≡ nµ∇µ,
δi ≡ m
µ
(i)∇µ.
A. Brief review of tensorial algebraic classification
Let us briefly summarize a few basic notions of alge-
braic classification based on null alignment. Cf. also
definitions 2.1, 2.2 and 2.6 of [2].
Boost weight
We say that a quantity q has a boost weight b (in the
chosen null frame) if it transforms as q 7→ λbq under
Lorentz boosts {ℓ, n,m(i)} 7→ {λℓ, λ
−1n,m(i)}.
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In particular, one can assign boost weight b(T(a)...(b))
to null frame components Ta...b ≡ Tµ...νe
µ
(a) . . . e
ν
(b) of any
tensor T , being equal simply to a difference between the
total number of 0’s and 1’s in the null frame indices
a, . . . , b.
Boost order
To a tensor T , we assign a boost order bo(T ) w.r.t.
the null frame {e(a)} as the highest boost weight b(Ta...b)
over all its non-vanishing frame components Ta...b.
In fact, it can be shown (Proposition III.2 of [1]) that
the values of bo(T ) depends only on the choice of e(0)
with the rest of the null frame being arbitrary. And,
if there exists a vector ℓ ≡ e(0) with respect to which
bo(T ) < bmax, where bmax is a maximal possible value
of boost order of T (depending on rank of T and its
symmetries), then ℓ is referred to as aligned null direction
(AND).
Boost order decomposition
At this point, one can perform the boost order decom-
position of any tensor T
T =
∑
b
T(b), (2)
defining the boost weight b part T(b) of T as the sum
of all Ta...be
(a) . . . e(b) with b(Ta...b) = b. The index b
then ranges from −bmax to bmax, where the value of bmax
depends on rank and symmetries of T .
Algebraic types
Given a non-vanishing tensor T , its algebraic type can
be determined in the following manner:
• type G: T(bmax) 6= 0 in all null frames;
• type I: there is a null frame s.t. T(bmax) = 0;
• type II: there is a null frame s.t. T(b) = 0 for all
b > 0;
• type D: there is a null frame s.t. T(b) = 0 for all
b 6= 0;
• type III: there is a null frame s.t. T(b) = 0 for all
b ≥ 0;
• type N: there is a null frame s.t. T(b) = 0 for all
b > −bmax;
In this paper, we will employ the presented algebraic
types to classify spacetimes via algebraic types of its Weyl
and Ricci tensors. In particular, we say that the space-
time is of Weyl type X and traceless Ricci type Y if its
Weyl tensor is of type X and traceless part of its Ricci
tensor is of type Y.
B. Gauge fields: conventions and useful relations
Let G denote a real non-Abelian Lie group of a finite
dimension and g the associated Lie algebra spanned by
generators {ta}, a = 1, . . . , dim g.4 The generators of G
satisfy the commutation relations
[ta, tb] = if
c
ab tc, (3)
where f cab are real structure constants of g.
Gauge field and field strength
Introduction of a g-valued gauge field Aµ = A
a
µta gives
rise to the gauge covariant derivative Dµ associated with
Aµ
Dµ ≡ ∇µ − i[Aµ, ·], (4)
and the field strength (or curvature) Fµν ≡ ∇µAν −
∇νAµ − i[Aµ, Aν ]. The field strength of Aµ is then sub-
ject to the Bianchi identity
DµFνρ + DνFρµ + DρFµν = 0. (5)
Under a gauge transformation U ∈ G, the gauge field
and its field strength undergo the following change
Aµ 7→ UAµU
† + iU∂µU
†, (6)
Fµν 7→ UFµνU
†. (7)
Gauge covariant fields
We will say that a field Tµ...ν is gauge covariant if it
transforms under any U ∈ G as
Tµ...ν 7→ UTµ...νU
†. (8)
Gauge covariant derivative of a gauge covariant quantity
Tµ...ν is also gauge covariant, i.e.
DρTµ...ν 7→ UDρTµ...νU
†. (9)
Another useful relation is the commutator relation for
gauge covariant derivatives
[Dσ,Dρ]Tµ1...µk =
∑
i
RβµiρσTµ1...β...µk
− i[Fσρ, Tµ1...µk ],
(10)
4 Note the abuse of notation: we use Latin indices for labeling the
generators of G as well as for labeling the null frame vectors (for
which the indices are running from 0 to d− 1).
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for any g-valued tensor Tµ...ν . If F is a YM field, i.e.
a solution to the source-free YM equation DµFµν = 0,
the Bianchi identity (5) together with (10) give us the
following relation that will be useful later
D
α
DαFµν = 2RαµνβF
αβ + 2Rα[νF
α
µ]
+ 2i[Fµα, F
α
ν ].
(11)
C. Algebraic classification of gauge covariant fields
There is a number of approaches to classification of YM
fields or more general gauge fields on four-dimensional
Lorentzian manifolds proposed in the literature, see e.g.
[32] and references therein. These are based either on
classification of polynomial Lorentz/gauge invariants or
on the eigenvalue problem for Fµν . Our approach in this
section is based on null alignment and hence is not re-
stricted only to gauge fields and four dimensions. Of
course, when applied to Fµν , there is an overlap of our
classification with some of those already proposed for
gauge fields in the literature. A detailed comparison is
out of the scope of the paper, but some aspects of the
overlap will be apparent at the end of this section and in
section II E.
Let Tµ...ν = T
a
µ...νta be a gauge covariant quantity.
Given a null frame, one can assign boost order bo(T ) to
T as
bo(Tµ...ν) ≡ max
a
{bo(T aµ...ν)}, (12)
where bo(T a) is boost order of a tensor T a. If T a(b)
denotes the boost weight b part of a tensor T a, then
T(b) ≡ T
a
(b)ta corresponds to the (gauge covariant) boost
weight b part T(b) of T .
This enables one to classify any gauge covariant field
T exactly as in section IIA. It is easy to see that such
definition is equivalent to the following, more practical
one.
Definition II.1. We will say that a gauge covariant ten-
sor Tµ...ν is of algebraic type X if all its Lie algebra com-
ponents T aµ...ν are aligned and of type X.
Remark II.2. The notion of algebraic type of gauge
covariant quantities is gauge invariant. Indeed, given a
frame and b, T(b) vanishes if and only if T
′
(b) of a gauge
transformed field T ′ = UTU † vanishes as well.
Hence, algebraic type of a gauge covariant quantity is
well-defined in this sense. Note that e.g. algebraic type
of Aµ is not defined, since it transforms as (6), and hence,
in general, the alignment type would not be preserved.
In the paper, we are focused mainly on null field
strengths, i.e. those of type N. Note that this defini-
tion of null field strength is consistent with the one of
[28, 29]. In four dimensions, null solutions of the YM
equation have already been studied extensively, see e.g.
[29, 33, 34] and references therein.
D. Balanced gauge covariant fields
One of the key ingredients in studying invariants, uni-
versality and proving various related results for tensor
fields on Lorentzian manifolds is the notion of balanced
tensors [3–6] which, in appropriate background space-
times (the so called degenerate Kundt spacetimes, see e.g.
[35]), guarantees that all covariant derivatives of the field
are well-behaved. Therefore, let us first provide appro-
priate extension of the notion of k-balancedness to gauge
covariant fields.
Definition II.3. Let k ∈ N0. In a frame parallely prop-
agated along a null geodetic affinely parameterized vec-
tor field ℓ, a gauge covariant quantity T is said to be
k-balanced if only its boost weight b < −k parts T(b) are
possibly non-vanishing and satisfy D−b−kA T(b) = 0, where
DA ≡ ℓµDµ. If T is 0-balanced, we will simply say it is
balanced.
Remark II.4. From (8) and (9), it can be seen that the
notion of k-balancedness is again gauge invariant.
In the appendix A, we have proven a number of results
on balanced gauge covariant fields. Here, we present only
the following three statements that will be of useful in the
following sections.
Lemma II.5. Let g be a degenerate Kundt spacetime.
If a field strength Fµν and its derivative DρFµν are both
aligned and of type II, then gauge covariant derivative
of k-balanced gauge covariant quantity Tµ...ν is again k-
balanced.
By induction, one has that gauge covariant derivatives
of T of arbitrary order are all aligned with ℓ and of boost
order b < k. Note that, in the case of Fµν being null, the
Bianchi identity (5) implies DAFµν = 0. Thus, for an
aligned null Fµν in a degenerate Kundt spacetime, con-
ditions of II.5 are automatically satisfied and we conclude
Lemma II.6. Let g be a degenerate Kundt spacetime.
Then, aligned field strength F is balanced if and only if
it is null.
In view of lemma II.5, one immediately arrives at
Corollary II.7. Let Fµν be an aligned null field strength
in a degenerate Kundt spacetime. Then, its gauge covari-
ant derivatives of arbitrary order are aligned with Fµν
and of type III.
And since Hodge duality does not alter alignment, al-
gebraic type nor behavior with respect toDA, the conclu-
sions hold also for the Hodge dual ⋆Fµ...ν and its gauge
covariant derivatives.
E. Gauge covariant V SI and CSI fields
The notion of V SI and CSI spacetimes has been
around for some time, see e.g. [4, 8] and has proven
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useful in a number of applications. Lately, also V SI and
CSI p-forms gained interest, mainly in applications in
the context of universal Maxwell fields, cf. [6, 10, 16].
Here, we consider a natural extension of the notion to
gauge covariant fields.
Definition II.8. We will say that Tµ...ν is CSIk if
all scalar polynomial gauge invariants constructed5 from
Tµ...ν and its gauge covariant derivatives up to order k
are constant. If Tµ...ν is CSIk for all k, we will say it
is CSI. Analogically, we will also define V SIk and V SI
fields as a subset of CSIk and CSI fields, respectively,
for which the corresponding invariants vanish.
Let us start with some simple lemmas on arbitrary
gauge covariant fields, which will be particularly useful
in obtaining characterization of V SI field strengths.
Lemma II.9. If a gauge-covariant field Tµ...ν is V SIk,
so is every tensor U constructed as a trace of polynomial
in Tµ...ν . In particular, U and its covariant derivatives
up to order k are aligned and of type III.
Proof. Let Hµ...ν be any polynomial in Tµ...ν . Obviously,
U ≡ TrH has to be V SI0, since any scalar polyno-
mial constructed from U is gauge invariant and there-
fore vanishes by assumption. It remains to notice that
Tr[Aρ, Hµ...ν ] vanishes due to the cyclic property of Tr,
and hence
∇ρUµ...ν = TrDρHµ...ν (13)
is also gauge invariant. It is thus clear that also any scalar
polynomial invariant constructed from U and its covari-
ant derivatives of arbitrary order is a gauge invariant and,
in particular, U has to be V SIk. The algebraic VSI theo-
rem [9] then guarantees that ∇(j)U for all j = 0, 1, . . . , k
are aligned and of type III. 
From lemma II.9 and lemma B.5 of [10], it immediately
follows
Lemma II.10. Let Tµ...ν be a gauge covariant V SI2
field. If there exists a non-vanishing rank-2 tensor con-
structed as a trace of polynomial in Tµ...ν , then Tµ...ν is
aligned with a Kundt vector.
III. GAUGE FIELDS WITH V SI CURVATURE
At this point, we are ready to prove sufficient condi-
tions for gauge fields to have V SI curvature and to ob-
tain full characterization of such gauge fields in the case
of compact and semi-simple gauge group.
It is an immediate consequence of corollary II.7 that,
in a degenerate Kundt spacetime, arbitrary polynomial
constructed from balanced Fµν and ist gauge covariant
derivatives is of a negative boost order. Therefore
5 In the construction, the spacetime metric and volume element
are allowed.
Theorem III.1 (Sufficient conditions for V SI gauge
fields). If a field strength Fµν is null, then it is V SI0.
If moreover Fµν is aligned in a degenerate Kundt space-
time, then Fµν is V SI.
Let us note that the first statement of theorem III.1 fol-
lows in four dimensions also from [32], where a basis for
polynomial Lorentz invariants of Fµν was given explicitly.
It is also important to realize that, while the first part of
the theorem holds actually for arbitrary gauge covariant
p-form field, the second part of the theorem does not,
since such p-form won’t in general be balanced.
It turns out that, in the case of a compact semi-simple
gauge group (for which the matrix κab ≡ Tr tatb is guar-
anteed to be non-degenerate and positive-definite), op-
posite direction of the statements of theorem III.1 also
holds. In particular, we have
Theorem III.2 (Characterization of V SI0 gauge fields).
Let the gauge group G be compact and semi-simple.
Then, a field strength Fµν is V SI0 if and only if Fµν
is null.
Proof. In view of theorem III.1, it remains to show that
the V SI0 property of Fµν implies it is null. Let us thus
consider Tµν ≡ TrFµρF ρν . According to lemma II.9,
Tµν is of type III. Since all non-negative boost weight
components T00, T0i, T01 and Tij of Tµν vanish and κab
is non-degenerate and positive definite, the components
F0i, F01 and Fij of F have to vanish, and thus F is null
and aligned with Tµν . 
Consequently, one can obtain also full characterization
of gauge fields with V SI curvature analogous to the one
provided for V SI spacetimes in [4] and p-forms in [10].
Theorem III.3 (Characterization of V SI gauge fields).
Let the gauge group G be compact and semi-simple.
Then, a non-vanishing field strength Fµν is V SI if and
only if Fµν is null and aligned in a degenerate Kundt
spacetime.
Proof. At this moment, it is sufficient to prove the ”only
if” part of the statement and from theorem III.2, we
already have that Fµν is null and aligned with Tµν ≡
TrFµρF
ρ
ν . According to lemmas II.9 and II.10, Tµν is
V SI and aligned with a Kundt vector, say ℓ. It remains
to show that the Kundt background spacetime g is de-
generate. It is thus sufficient to show that R010i and
DR0101 vanish [35], cf. also Proposition A.2 of [10]. For
this purpose, let us consider the following tensors
Tαµβν ≡ TrDαDγFµρDβD
γF ρν , (14)
Tαβγµδκλν ≡ TrDαDβDγFµρDδDκDλF
ρ
ν , (15)
which have to be V SI itself and, in particular, of type
III. Employing a parallely propagated frame with affinely
parameterized ℓ, Ricci equations (A7)-(A12) and commu-
tators (A13),(A14) of [10], their boost weight zero compo-
nents in the light cone gauge Aµℓ
µ = 0 can be computed.
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For the first tensor, it is sufficient to consider
T0101 = DL1kDL1k TrF1jF1j , (16)
from which we conclude DL1k = 0. Boost weight zero
component T00110011 of the second tensor then reduces to
T00110011 = (D
2L11)
2TrF1iF1i, (17)
and thus also D2L11 = 0. Ricci equations (A7) and (A9)
of [10] then imply that R010i and DR0101 vanish, and
hence g is a degenerate Kundt spacetime [35]. 
Comparing theorem III.3 with characterization of V SI
metrics, theorem 1 of [4], we see that, in both cases,
the curvature with vanishing scalar invariants is charac-
terized by admitting a non-expanding and non-twisting
geodetic aligned null vector ℓ, along which it has to be
of a negative boost order. Also note that, under the as-
sumption of type III Riemann tensor, the Kundt space-
time is automatically degenerate. The situation in the
case of gauge field curvature Fµν is thus analogous as in
the case of the Riemann curvature Rµνρσ.
When it comes to characterization of V SI p-forms
Fµ...ν , theorem 1.5 of [10] contains, apart from the com-
mon alignment assumptions, one additional condition:
the Lie derivative of F along ℓ has to satisfy £ℓF = 0.
That’s because, unlike the gauge field strength and the
Riemann tensor, a general p-form F does not have to sat-
isfy the Bianchi identity and consequently F , although
aligned and null in a degenerate Kundt spacetime, does
not necessarily have to be balanced. In the case of F sat-
isfying dF = 0, the condition £ℓF = 0 is automatically
satisfied from the null assumption (remark 1.8 of [10])
and the situation is analogous to the case of the gauge
and the Riemann curvatures.
A. Explicit form of V SI gauge fields
In this section, we discuss explicit form of gauge fields
with null curvature in a degenerate Kundt spacetime.
These are all necessarily V SI (theorem III.1) and ex-
haust all V SI gauge fields in the case of a compact and
semi-simple gauge group G (theorem III.3).
Local form of a general d-dimensional degenerate
Kundt metric in adapted Kundt coordinates (r, u, xα) is
given by [35]:
ds2 = 2H(r, u, x)du2 + 2Wα(r, u, x)dudx
α
+ 2dudr + gαβ(u, x)dx
αdxβ ,
(18)
with α, β = 2, . . . , d−1 and functions Wα and H at most
linear and at most quadratic in r, respectively
Wα(r, u, x) = W
(1)
α (u, x)r +W
(0)
α (u, x), (19)
H(r, u, x) = H(2)(u, x)r2+H(1)(u, x)r+H(0)(u, x). (20)
Here, r denotes affine parameter of the corresponding
Kundt vector ℓ = ∂r.
For any null field strength Fµν aligned with ℓ in a de-
generate Kundt spacetime (18), the only non-vanishing
coordinate components are F auα:
F aµνdx
µdxν = F auα(r, u, x)du ∧ dx
α. (21)
Exploiting gauge freedom, the form of the gauge potential
Aµ can be then simplified considerably. Indeed, we can
fix the light-cone gauge first to obtain Aar = 0. Then,
F arα = 0 reduces to ∂rA
a
α = 0 for all α, which means that
the remaining gauge freedom can be used to transform
away also some of the Aaα. In fact, Fαβ = 0 guarantees
that this can be done for all Aaα. Finally, Fru = 0 implies
∂rAu = 0 and we arrive at
Aaµdx
µ = Aa(u, x)du. (22)
Any V SI gauge field in the background spacetime (18)
can be then obtained by a gauge transformation of (22).
Particular examples of V SI gauge fields already given
in the literature will be discussed in section IVD in the
context of universal YM fields.
IV. UNIVERSAL NULL YANG-MILLS FIELDS
Let us first define universality of Yang-Mills fields,
which will be the subject of study in the rest of this
section.
Definition IV.1 (Universal Yang-Mills fields). Let Fµν
be a field strength of a gauge field Aµ and k ∈ N. We
say that Fµν is k-universal if all g-valued 1-forms con-
structed6 polynomially from F (and its gauge covariant
derivatives up to order k) that are at least quadratic in
F or contain DF , vanish identically. If Fµν is k-universal
for any k ∈ N, we say it is universal.
A universal YM field F thus solves the Yang-Mills
equation as well as any of its generalizations involving
higher-order corrections to YM equation constructed as
polynomials of F , its Hodge dual and their gauge co-
variant derivatives of arbitrary order. Hence, the class
of theories solved exactly by F is rather broad and in-
cludes all Lagrangian theories considered in the following
subsection.
A. A class of generalized YM theories
Let G be a semi-simple Lie group. Consider a theory
with gauge groupG and LagrangianL being a function of
a finite set of gauge invariant scalars {Ik} constructed as
6 In the construction of such polynomials, the spacetime metric
and volume element are allowed.
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traces of polynomials in Fµν , its Hodge dual ⋆Fµ...ν and
their gauge covariant derivatives (one of the scalars being
I = TrFµνF
µν). Moreover, assume that L is analytic at
zero and its power series expansion takes the form
L = LYM + LHC , (23)
where LYM is the Yang-Mills Lagrangian
LYM = −
1
2κ
TrFµνF
µν , (24)
with κ being a coupling constant and LHC (higher-order
corrections) consists strictly of monomials at least cubic
in Fµν or containing its gauge covariant derivatives. Since
L and LYM are analytic function of scalar polynomials
Ik, so is LHC .
1. Reduction of EOM for CSI fields
It turns out that the form of equations of motion corre-
sponding to (23) reduce significantly for CSI fields Fµν .
This fact will be of great importance in the next section.
Assume that the invariants {Im} involved in the La-
grangian L are constructed from Fµν , ⋆Fµ...ν and their
derivatives up to order k, i.e. schematically Im =
TrPm(F,DF, . . . ,DkF ) with Pm denoting the corre-
sponding polynomial. Then, assuming the boundary
terms vanish, variation of the action SHC corresponding
to LHC yields
δSHC =
∫
⋆1
∑
n
∂LHC
∂In
δIn, (25)
=
∫
⋆1
∑
n
∂LHC
∂In
Tr
{
∂Pn
∂Fµν
δFµν +
∂Pn
∂DρFµν
δDρFµν + . . .
}
, (26)
=
∫
⋆1Tr
{∑
n
∂LHC
∂In
δPn
δAν
δAν
}
+ terms involving ∇µ
∂LHC
∂In
. (27)
But terms involving covariant derivatives of ∂LHC/∂In
will vanish for any CSIk field Fµν . Moreover, variation
of any of the individual polynomials Pn takes the form
DµHµν + Hν , where Hµν and Hν is some 2-form and
1-form, respectively, constructed polynomially from Fµν ,
⋆Fµ...ν and their gauge covariant derivatives (not neces-
sarily only up to order k). Thus, the full field equations
reduce for a CSIk field Fµν (possessing invariants {Im}
within the domain of convergence of the Taylor series) to
D
µFµν = D
µF˜µν + Fν , (28)
where F˜µν and Fν are some polynomial gauge covariant
g-valued forms with Fν in general not expressible as a
divergence of a 2-form. Let us also note that the term
Fν has origin in variation of the non-Abelian contribu-
tion [A,DmF ] to the gauge covariant derivative Dm+1F
and is thus present only in the non-Abelian case with
k > 0, i.e. when invariants {In} involve not only Fµν
(or ⋆Fµ...ν), but also its gauge covariant derivatives. In
Abelian theories or non-Abelian theories involving only
algebraic invariants {In}, the field equations take the
form (28) with Fν = 0.
In the following sections, we will show that for certain
types of V SIk solutions of the original Yang-Mill equa-
tions and certain background spacetimes, Fµν is univer-
sal. In particular, above corrections necessarily vanish,
and hence the field equations of any higher-order theory
(23) are automatically satisfied. Necessary conditions for
universality of YM fields will be also studied.
B. Universal solutions to Yang-Mills with algebraic
corrections
In the particular case of all invariants {Ik} being only
algebraic (i.e. constructed solely from Fµν and ⋆Fµ...ν
with no derivatives of these involved), LHC represents
algebraic corrections to the YM Lagrangian and propo-
sition 2.4 of [6] can be extended to the non-Abelian case.
Theorem IV.2 (Sufficient conditions for 0-universality).
Null Yang-Mills fields are 0-universal and hence solve any
theory (23) with algebraic corrections LHC .
Proof. Since the YM field Fµν is null, all polynomials at
least quadratic in F are of boost order at most (−2) and
hence any rank-1 contraction of such polynomial trivially
vanishes, making F 0-universal.
By theorem III.1, F is V SI0. The same holds also
for ⋆Fµ...ν and mixed invariants of both fields vanish as
well. Consequently, as we saw in the previous section, the
field equations of theory (23) reduce to (28) with Fν = 0
and with F˜µν constructed polynomially from Fµν and its
Hodge dual. But since F˜µν has to be at least quadratic
in Fµν (recall that power series expansion of LHC at zero
consists of monomials at least cubic in Fµν), it vanishes
due to 0-universality of F . 
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C. Universal solutions to Yang-Mills with general
corrections
In this section, we consider the general case of higher-
order corrections constructed employing also gauge co-
variant derivatives of Fµν . Before proceeding further, let
us first prove the following technical lemma on possible
forms of skew-symmetric rank-2 contractions of gauge co-
variant derivatives Dµ . . .DνFαβ .
Lemma IV.3. Let Fµν be an aligned null YM field in a
degenerate Kundt spacetime of Weyl and traceless Ricci
type III. Then, any skew-symmetric rank-2 contraction
of k-th gauge covariant derivative DkFµν of Fµν reduces
to Fµν multiplied by some polynomial in the Ricci scalar.
Proof. Let Hµν denote an arbitrary 2-form constructed
by contractions (and antisymmetrization, if needed) of
DkFµν . Clearly, to construct H , k/2 contractions of ten-
sorial indices will be required and hence k has to be even.
Consequently, there are two possible types of terms in H
- either there is at least one contraction of some deriva-
tive index with a field strength index or all derivative
indices are contracted.
It turns out that, by commuting derivatives, these two
types of terms in DkFµν can be, cast in the form
D
k−1
D
µFµν , D
k−2
D
α
DαFµν , (29)
respectively, for the price of producing new (but lower or-
der) terms linear in Dk−2Fµν . Indeed, the formula (10)
tells us that, schematically, D l[D ,D ]DmF is given by
D l[F,DmF ] and terms of type D l(Riem ∗ DmF ). How-
ever, for a balanced F , we have that [F,DmF ] is of boost
order (−2) and hence won’t contribute to H and only
boost weight (0) part of the Riemann tensor (given by
the Ricci scalar R and the metric) can survive in con-
tribution from Riem ∗ DmF . Thus, this term is simply
proportional to RDmF and, since in a degenerate Kundt
spacetime of Weyl and traceless Ricci type III, ∇µR ∝ ℓµ
is of boost order (−1) (see the proof of proposition A.8
in [6]), D l(RDmF ) reduces to RDk−2F .
Now, each of these new terms proportional to Dk−2F
can be again, by the commutation procedure above, cast
in the form (29) introducing new lower-order terms pro-
portional to Dk−4F . Therefore, the procedure above can
be used iteratively until one ends up with all terms in H
of the form (29) for some k even. The first one obviously
vanishes for any YM field, it thus remains to examine the
second one. Employing the formula (11), we obtain
D
α
DαFµν ∝ RFµν , (30)
where R denotes the Ricci scalar. Recalling that ∇µR
is of boost order (-1), the second term in (29) reduces
to RDk−2Fµν with all derivative indices contracted. As
before, we can repeat the procedure above until we end
up with all terms in the form RnFµν for some n up to a
multiplication constant. Consequently, we obtain that F˜
can be actually always put in the form of F multiplied
by some polynomial in R. 
Remark IV.4. From the proof of lemma IV.3, it is easy
to see that, under assumption of the lemma, any sym-
metric rank-2 contraction Hµν of D
kF can only consist
of boost order (-2) terms of type DmF ⊗D lF , m, l ≥ 0.
Such terms would appear while commuting the gauge co-
variant derivatives in the procedure described above.
Theorem IV.5 (Sufficient conditions for universality).
An aligned null Yang-Mills field in a degenerate Kundt
spacetime of Weyl and traceless Ricci type III is universal
and hence solves any theory (23).
Proof. Recall that, according to corollary II.7, Fµν and
its gauge covariant derivatives of arbitrary order are
aligned and of boost order at most (-1). Therefore,
any nonvanishing 1-form constructed polynomially from
these fields can be at most linear in them. Consequently,
it is sufficient to prove that all rank-1 contractions Hµ of
DkF vanish for k > 0.
There are two possible types of Hµ - either the index µ
in Dµ . . .DνFρσ is left uncontracted, in which case Hµ =
DµI, where I is some g-valued tensorial invariant of F , or
µ gets contracted, which means Hµ = D
νHµν for some
Hµν constructed from D
k−1F . Obviously, as a boost
order (0) object, I has to vanish and consequently also
the corresponding Hµ. It remains to discuss the second
possibility. We can decompose Hµν into symmetric and
skew-symmetric part and discuss their contributions to
Hµ separately.
According to remark IV.4, the symmetric part of Hµν
consists of boost order (-2) terms of type DmF ⊗ D lF
and hence cannot contribute to Hµ, since such contri-
bution can again only be of boost order (−2). On the
other hand, lemma IV.3 tells us that the skew-symmetric
part of Hµν takes the form P(R)Fµν for some polyno-
mial P of the Ricci scalar R. Thus, Hµ = Fµν∇νP(R) +
P(R)DνFµν . But ∇µR ∝ ℓµ in our background space-
time, and hence both terms in Hµ necessarily vanish for
a null YM field.

Theorem IV.6 (Necessary conditions for universality).
Let Fµν be a non-vanishing null Yang-Mills field solving
any theory (23). Then, Fµν is either CSI or it is aligned
with gradient ∇µI of all of its invariants I, these are
all aligned and generate a twist-free geodetic null congru-
ence.
Proof. Consider a correction Lagrangian of the form
LHC ≡ ILYM , where I is arbitrary scalar qauge invari-
ant of Fµν . Since the invariant LYM vanishes for a null
Fµν , varying LHC and employing the YM equation, the
requirement of universality reduces to
Fµν∇
µI = 0, (31)
for all invariants I. Since Fµν is null and non-vanishing,
decomposing the covariant derivative into null frame,
∇µ = ℓµ∆ + nµD + m
(i)
µ δi, (31) implies that both DI
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and δiI vanish, hence ∇µI = ℓµ∆I. Therefore, gradi-
ents of all invariants I are aligned. Moreover, since the
null vector ℓ is proportional to gradient of a function, it
generates a twistfree geodetic congruence. 
Remark IV.7. Note that, while in four dimensions,
any null YM field is necessarily aligned with a shear-free
geodetic null congruence [29], in higher dimensions, this
is not the case even for Maxwell fields, cf. appendix B
of [36] and lemmas 3, 4 in [37]. In fact, the congruence
has necessarily non-vanishing shear in higher-dimensions,
unless it is non-expanding. Employing the YM equation
and Bianchi identity in the generalized GHP formalism
given by (B6)-(B9) in the appendix, we provide an ap-
propriate extension of lemma 4 in [37] to non-vanishing
null YM fields, see lemma B.1.
However, under additional conditions on curvature of
the background spacetime, the admissible geometries of
the corresponding null congruence further reduce due to
Ricci and Bianchi equations. In particular, in a space-
time of Weyl and traceless Ricci type N with constant
Ricci scalar, any null YM field is necessarily aligned with
shear-free, twist-free and non-expanding null geodetic
(i.e. Kundt) congruence, as we prove in the appendix
(theorem B.2).
D. Examples of universal Yang-Mills fields
We first give explicit form of all universal solutions sat-
isfying the hypothesis of theorem IV.5 in adapted coor-
dinates. Then, discussion of special cases already known
in the literature follows.
The metric
Recall that local form of a general degenerate Kundt
metric in Kundt coordinates (r, u, xα) is given by (18).
Requirement that g is of Weyl and traceless Ricci type
III then puts further restrictions on functions in (18),
cf. discussion in section 4 of [38]. In particular, gT ≡
gαβ(u, x)dx
αdxβ has to be a Riemannian metric on a
(d− 2)-dimensional transverse space spanned by coordi-
nates {xα}, which is, for any fixed u, of constant sectional
curvature K(u) depending on the Ricci scalar R = R(u)
of (18) and the dimension d as
K ≡
R
d(d− 1)
, (32)
and functions H and Wα are constrained by the follow-
ing equations, where ∇T denotes the covariant derivative
associated with the transverse space metric gT
2H(2) =
1
4
W (1)α W
(1)α +K, (33)
∇T(βW
(1)
α) −
1
2
W (1)α W
(1)
β = 2Kgαβ, ∂[βW
(1)
α] = 0. (34)
The gauge field
Exploiting gauge freedom, we can without loss of gen-
erality start with gauge potential of the form (22). The
function Aa is then subject to the YM equation, which
in our case reduces to the wave equation in the (d − 2)-
dimensional transverse space of constant sectional curva-
ture (32):
2TAa = 0, (35)
where 2T ≡ gTαβ∇Tα∇
T
β is the Laplace-Beltrami opera-
tor. Any null YM field in the background spacetime (18)
can be then obtained by a gauge transformation of (22)
and is necessarily V SI (recall theorem III.1).
Note that the YM equation (35) depends only on the
transverse metric gT , while the functions H and Wα in
(18) can be arbitrary, as long as the constraints (33), (34)
hold.
1. Examples in the literature
Some of the solutions covered by (18) and (22) are
already well-known, most of them being plane waves in
four-dimensional pp-wave background such as Coleman’s
non-Abelian plane waves in Minkowski spacetime [39] or
their generalization to curved pp-wave background [40].
Both of these examples correspond to the case Wα = 0,
∂rH = 0 and g
T being a flat metric (i.e. K = 0).
However, there are also some more general exam-
ples, namely Weyl type III Einstein-Yang-Mills solutions
found in [41] and containing the mentioned plane wave so-
lutions as a special case. These examples admit Wα 6= 0
and H quadratic in r, while the transverse metric is still
flat. In the Weyl type N limit, these solutions reduce
to either pp-waves or Kundt waves, as discussed in the
reference above.
Some higher-dimensional solutions are also known,
most notably the Weyl type N plane waves in ten-
dimensional N = 1 supergravity considered by Gven in
[31]. These again correspond to the above fields with
Wα = 0, flat transverse metric g
T and r-independent
functions H and Aa in the plane wave ansatz. Some Non-
Abelian waves propagating in higher-dimensional (A)dS
wave backgrounds (with non-flat transverse metric gT )
are also known, cf. [42] and [43].
As we see, (18) and (22) contain many already known
solutions and their higher-dimensional generalizations
(with all of the mentioned ones being V SI gauge fields
propagating in a CSI background spacetime), but ap-
parently also a new ones. Unlike the Maxwell case (see
e.g. [10]), to our knowledge, non-Abelian YM fields in
a degenerate Kundt spacetime with non-flat transverse
metric gT were considered so far only in the special case
of the (A)dS wave background such as the ones men-
tioned above.
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CONCLUSIONS
The purpose of the paper was twofold. Firstly, we have
extended some of the established tensorial techniques to
gauge covariant fields with potential application in non-
Abelian gauge theories. Secondly, these techniques were
applied to study of gauge fields with V SI curvature and
universal (test) Yang-Mills fields in arbitrary dimension.
Taking into account also backreaction of the YM field
on spacetime geometry (and thus dealing also with LHC -
corrections to EOM for the spacetime metric) would de-
serve further investigation. However, it is already clear
at this point that, employing techniques presented in the
paper, this can be done in the spirit of [17], allowing also
for a presence of appropriate scalar fields and p-forms
(such as dilaton and KR or RR fields, respectively) along
the lines of [31] and thus being of particular interest in
low-energy limits of string theories.
Hopefully, the paper will serve as a clear explanation of
the presented techniques as well as a guide for their use in
applications and will perhaps lead to further new results
on non-Abelian fields or even to development/extensions
of other useful techniques in the future.
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Appendix A: On k-balanced gauge covariant fields
Let g be a degenerate Kundt metric. In the rest
of the section, we will work in a paralelly propagated
frame {e(a)} ≡ {ℓ, n,m(i)} (i.e. such that Dnν = 0 and
Dm
(i)
ν = 0) with affinely parameterized Kundt vector ℓ.
In a parallely propagated frame with affinely parame-
terized ℓ, k-balanced tensors are defined as boost order
b < −k tensors with null frame components behaving ap-
propriately under the action of the Newman-Penrose di-
rectional derivative D. k-balanced gauge covariant fields
are defined analogously, but with D replaced by direc-
tional gauge covariant derivative DA ≡ ℓµDµ associated
with the gauge field Aµ. However, since the notion of
k-balancedness is gauge independent, we can easily over-
come this obstacle by fixing the light-cone gauge
ℓµAµ = 0, (A1)
(recall that in the standard Kundt coordinates, ℓ = ∂r) in
which caseDA reduces toD. Consequently, balancedness
for gauge covariant quantities can be restated in terms of
balanced tensors [6].
Lemma A.1. A gauge covariant quantity Tµ...ν in the
light-cone gauge is k-balanced if and only if {T aµ...ν} are
aligned k-balanced tensors.
This simple fact enables one to employ tensorial re-
sults in proving that Dµ preserves balancedness of gauge
covariant fields in degenerate Kundt spacetimes.
If Tµ...ν is k-balanced, then frame components of
DρTµ...ν in the light-cone gauge contain, in addition to
frame components of ∇ρT cµ...ν , only two more scalars
Aa1f
c
abη
b, Aai f
c
abη
b, (A2)
where ηb are the frame components of T cµ...ν and Aa ≡
eµ(a)Aµ. However, if DAi and D
2A1 vanish, (A2) are
again k-balanced scalars, i.e. each of these two is of boost
weight b′ < −k and vanishes under the action of D−b
′−k.
In the degenerate Kundt spacetime, the two conditions
on Ai and A1 are in the light-cone gauge equivalent to
F0i = 0 and DF01 = 0 (or in a gauge covariant way, Fµν
is of type II and DAF01 = 0) in a parallely propagated
frame with affinely parametrized ℓ.
In fact, it can be easily computed that for type II cur-
vature Fµν aligned with an affinely parameterized Kundt
vector, DρFµν is again of aligned type II if and only if
DAF01 and DAFij both vanish in a parallely propagated
frame. However, the Bianchi identity (5) implies that
DAFij = 0 follows automatically from F0i = 0 and hence
Lemma A.2. Let Fµν be a type II field strength aligned
with an affinely parameterized Kundt vector. Then,
DρFµν is also of aligned type II if and only if DAF01 = 0
in a parallely propagated frame.
In turn, conditions for balancedness of (A2) can be
restated covariantly via alignment and algebraic type of
Fµν and DρFµν , which implies lemma II.5. Obviously,
both conditions F0i = 0 and DAF01 = 0 are trivially
satisfied if Fµν is aligned and null.
Corollary A.3. Let g be a degenerate Kundt spacetime
and the field strength Fµν be aligned and null. Then,
gauge covariant derivative DρTµ...ν of a k-balanced gauge
covariant quantity Tµ...ν is again k-balanced.
Let us stress again that the results, although proven
in the light-cone gauge, are really gauge independent. It
is also worth noticing that Bianchi identity (5) implies
DAFµν = 0 for any null field strength F aligned with a
Kundt vector ℓ. Therefore, we arrive at lemma II.6 and
corollary II.7.
Appendix B: Yang-Mills fields in the GHP formalism
In [44], a formulation of Yang-Mills theory in
four-dimensional Newman-Penrose formalism was given.
Here, we provide a formulation of the theory in a higher-
dimensional generalization of the GHP formalism de-
veloped in [37]. In the paper, the GHP form of the
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Maxwell equations for p-form fields is already presented,
see equations (3.3) - (3.7) of [37]. Adopting analogous
notation for the null frame projections of the gauge field
Aµ = A
a
µta and its field strength Fµν = F
a
µνta, we define
for all a the following GHP scalars
Aa ≡ Aa0 , A
a
i ≡ A
a
i , A
′a ≡ Aa1 , (B1)
ϕai ≡ F
a
0i, f
a ≡ F a01, F
a
ij ≡ F
a
ij , ϕ
′a
i ≡ F
a
1i. (B2)
The field strength GHP scalars can be expressed in
terms of the ones associated with the gauge potential as
ϕai = þA
a
i − ðiA
a + τ ′iA
a + κiA
′a + ρjiA
a
j +A
bAcif
a
bc,
(B3)
F aij = ðiA
a
j − ðjA
a
i − 2A
aρ′[ij] − 2A
′aρ[ij] +A
b
iA
c
jf
a
bc,
(B4)
fa = þA′a − þ′Aa + (τi − τ
′
i)A
a
i +A
′bAcfabc, (B5)
and ϕ′ai can be obtained from ϕ
a
i via the priming op-
eration. Various non-trivial null frame projections of
the YM equation DµFµν = 0 and the Bianchi identity
D[µFνρ] = 0 then yield the following set of GHP equa-
tions
Boost weight +1
ðiϕ
a
i + þf
a = Abiϕ
c
if
a
cb +A
bf cfacb + τ
′
iϕ
a
i − ρf
a + ρ[ij]F
a
ij − κiϕ
′a
i , (B6)
2ð[iϕ
a
j] − þF
a
ij = A
b
[iϕ
c
j]f
a
cb +A
bF cijf
a
bc + 2(τ
′
[iϕ
a
j] + ρk[iF
a
|k|j] + ρ[ij]f
a + κ[iϕ
′a
j] ), (B7)
Boost weight 0
2þ′ϕai + ðjF
a
ji − ðif
a = 2A′bϕcif
a
cb +A
b
jF
c
jif
a
cb +A
b
if
cfabc + 2τjF
a
ji − 2τif
a
+(ρ′ij − ρ
′
ji − ρ
′δij)ϕ
a
j + (ρij + ρji − ρδij)ϕ
′a
j , (B8)
ð[iF
a
jk] = A
b
[iF
c
jk]f
a
cb + 2(ϕ[iρ
′a
jk] + ϕ
′a
[i ρjk]), (B9)
together with the primed equations (B6)′, (B7)′ and
(B8)′. Beware of the fact that, under priming operation,
the scalars fa transform as f ′a = −fa.
Obviously, the GHP equations (B6)-(B9) differ from
the GHP Maxwell equations in [37] only by presence of
the additional terms emanating from the commutator
[Aµ, Fνρ] in DµFνρ. Therefore, it can be expected that
some of the results obtained for Maxwell fields from the
GHP Maxwell equations can be appropriately extended
also to YM fields.
Indeed, since for a null field strength Fµν , null frame
{ℓ, n,m(i)} can be chosen such that only scalars ϕ
′a
i are
non-vanishing, equations (B6) - (B9) reduce to
κiϕ
′a
i = 0, κ[iϕ
′a
j] = 0, (B10)
(ρij + ρji − ρδij)ϕ
′a
j = 0, ϕ
′a
[i ρjk] = 0. (B11)
Therefore, lemma 4 of [37] can be extended to YM fields
in the following way
Lemma B.1. If a non-vanishing null Yang-Mills field
Fµν is aligned with a null vector ℓ, then ℓ is geodetic.
Moreover, for its optical matrix ρij and the corresponding
GHP scalars ϕ′ai associated with Fµν , there exists ω
a
i such
that
ρ(ij)ϕ
′a
j = (ρ/2)ϕ
′a
i , ρ[ij] = ω
a
[iϕ
′a
j] . (B12)
Note that, in four dimensions, the lemma reduces to the
well-known result that any non-vanishing null YM field
is aligned with shear-free geodetic congruence [29, 44].
In a similar way, more results on YM fields (both the
test fields in a fixed background and the ones coupled to
gravity) can be obtained. Here, we provide an elementary
proof of the following result stated originally for Einstein-
Maxwell solutions in arbitrary dimension [38].
Theorem B.2. If a spacetime of Weyl and traceless
Ricci type N with constant Ricci scalar admits a non-
vanishing null Yang-Mills field, then the spacetime is
Kundt.
Proof. Due to proposition 3.1 of [45], the Weyl and the
Ricci tensors (and consequently also Fµν) are aligned
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with the same null vector, say ℓ. Moreover, according
to proposition 5.4 of [45], null frame be chosen such that
the optical matrix ρij takes the form such that only the
following components are non-vanishing
ρ22 = s, ρ33 = sb,
ρ23 = sa, ρ32 = −sa,
(B13)
with b 6= 1, otherwise Fµν would have to be zero. Thus,
the expansion of ℓ reads ρ = s(1+b) and the first equation
of (B12) tells us that of the eigenvectors is ρ/2. This
means that either ρ = 0 or b = 1 and, since b = 1 is
forbidden, we have ρ = 0. Consequently, either s = 0 (in
which case the spacetime is Kundt and we are done) or
b = −1. Also, if a = 0, the spacetime is again Kundt due
to the Sachs equation [46]. Assume thus that s, a 6= 0
and b = −1. Then, the first equation of (B12) implies
ϕ′a2 , ϕ
′a
3 = 0. The second of (B12) then gives us ϕ
′a
i = 0
for all i > 3. Hence Fµν vanishes completely, which is a
contradiction and the spacetime is indeed Kundt. 
Consider now a solution (gµν , Fµν) of the Einstein-YM
equations with a non-vanishing null field strength Fµν .
Then, gµν is of traceless Ricci type N. Therefore, in view
of theorem B.2, we immediately obtain
Corollary B.3. All Weyl type N solutions of the
Einstein-Yang-Mills equations with a non-vanishing null
field strength are aligned and Kundt.
Thus, although null YM test fields are not necessarily
aligned with a shear-free null congruence in higher di-
mensions, it is still geodetic and, once additional assump-
tions on structure of curvature tensors of the background
spacetime are taken into account, further restrictions on
geometry of the corresponding null congruence follow.
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